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Abstract—This paper deals with the two-dimensional laminar natural convection flow of an electrically
conducting viscous fluid, such as mercury or liquid sodium, in the presence of electric or magnetic
fields. Two different flow régimes are discussed. The first example considered is the steady fully de-
veloped natural convection flow, with and without heat sources, between two long parallel plane
surfaces with uniform magnetic field applied normal to the surfaces. The plane vertical surfaces are
open at both ends to the ambient fluid and are maintained at constant temperatures different from
that of the ambient fluid. Tables are given from which the fully developed temperature, velocity and
induced magnetic fields may be found. Flow characteristics such as the net mass flow and wall Nusselt
numbers are also evaluated.

The second example considered is the steady two-dimensional natural convection flow set up by
Joule heating when a direct current flows in the axial direction through a horizontal circular tube
filled with an electrically conducting viscous fluid. The outside surface of the tube is maintained at
constant temperature by a coolant which is assumed to be a non-conductor and non-magnetic. The
influence of the non-uniform convection flow on the temperature distribution and wall Nusselt number

is calculated.

Résumé—Cet article traite de 1’écoulement de convection naturelle laminaire 4 deux dimensions
dans un fluide visqueux conducteur tel que le mercure ou le sodium liquide, en présence de champs
magnétiques ou électriques. Deux régimes d’écoulement différents sont étudiés. Le premier exemple
considéré est celui de la convection naturelle, en régime permanent, avec ou sans source de chaleur,
entre deux longues surfaces planes parall¢les normalement auxquelles est appliqué un champ magnétique
uniforme. Les surfaces planes verticales sont ouvertes aux deux extrémités vars le fluide ambiant et
sont maintenues a des températures constantes, différentes de celle du fluide ambiant. Des tables,
a partir desquelles on peut trouver la température de régime, la vitesse et les champs magnétiques
induits, sont données. Des caractéristiques de 1'écoulement, telles que le débit massique et le nombre
de Nusselt a la paroi sont également évaluées.

Le deuxiéme exemple considéré est celui de la convection naturelle 4 deux dimensions qui s’établit
dans le cas d’un chauffage par effet Joule, quand on fait circuler un courant continu dans ’axe d’un tube
horizontal, a section circulaire, rempli d’un liquide visqueux conducteur. La surface extéricure du
tube est maintenue a température constante par un réfrigérant que I’on suppose non conducteur et non
magnétique. L’influence d’'un écoulement de convection naturelle non-uniforme sur la distribution

des températures et le nombre de Nusselt & la paroi est calculée.

Zusammenfassung—Die Arbeit behandelt die zweidimensionale, laminare, freie Konvektionsstromung
in einer elektrisch leitenden, viskosen Fliissigkeit, wie Quecksilber oder fliissigem Natrium in Gegen-
wart von elektrischen oder magnetischen Feldern. Zwei verschiedene Stromungsarten werden
besprochen: Als erstes Beispiel die stationdre, voll ausgebildete, freie Konvektionsstromung mit und
ohne Wirmequellen zwischen zwei langen parallelen ebenen Fliachen mit gleichméssigem, senkrecht
zu den Oberflichen wirkendem Magnetfeld. Der Spalt zwischen den ebenen, senkrecht stehenden
Oberflachen ist fiir die umgebende Fliissigkeit an beiden Enden getffnet. Die Oberflichen werden auf
konstanten Temperaturen gehalten, die sich von der Temperatur der angrenzenden Fliissigkeit
unterscheiden. Aus angegebenen Tabellen kénnen Temperatur-, Geschwindigkeits- und induzierte
Magnetfelder ersehen werden. Weiterhin sind charakteristische Strémungsgrissen wie Mengenstrom
und Nusseltzahl in Wandnihe berechnet.

Als zweites Beispiel wird die stationidre zweidimensionale freie Konvektionsstromung betrachtet,
die infolge Joulescher Erwdrmung auftritt, wenn Gleichstrom in Achsialrichtung durch ein
waagerechtes, mit elektrisch leitender viskoser Fliissigkeit gefiilltes Rohr von Kreisquerschnitt fliesst.
Die Rohraussenfliche wird durch ein nichtleitendes und unmagnetisches Kiihimittel auf konstanter
Temperatur gehalten. Der Einfluss des ungleichférmigen Konvektionsstromes auf die Tempera-

turverteilung und die Nusseltzahl in Wandnihe ist angegeben.
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Anrnoranusa—B cratbe paccMaTPMBAETCH ABYXMEPHBI 1aMUHAPHHI KOHBEKTUBHBL MOTOK B
YCHOBUAX €CTECTBEHHOIO [IBHMMKEHMA 3JeKTPHUYECKM MpPOoBogAllelt BA3ZKON KUAKOCTH.
Hanpumep, pryTp uam Harpuii B xUAKOM cocroAsnud. IlpeqycmaTpuBaerca Haludme
3JIEKTPAYECKUX WJIM MarHUTHHEIX MoJieit. PaccMaTpHBaIOTCA BA PAadIMYHKEIX PeHUMA MOTOKA.
B mnepsoM crmyvae—cCTanmoHapHBII IOJHOCTHI0 YCTAaHOBUBIIEHCA [OTOK B YCIOBHAX
€CTeCTBEHHOH KOHBEKITMM MEHY ABYMA NIMHHBIM M IJIO CKO-IIAPaJiebHBIMH [TOBEPXHOCTAMHU
OPM HAJUYMH MCTOYHHKOB Telmia MIM 0e3 HUX N C PABHOMEPHBIM MAarHUTHBIM [IOJEM,
NEPNeHUKY.IAPHLIM K IOBEPXHOCTH NJIACTHHHL. TeMmepaTypa MIIOCKHUX BepTHRAIbHHIX
TOBEPXHOCTE OTJIHYHA OT TEMIEPATYPH OKPYHalole il KUJKOCTH, C KOTO POIl COMpUKacaloTCA
of6a KoHIA naactuHbl. W3 npuBegenHBIX TAOIMI MOKHO HANHTH MOJNHOCTHI0 YCTAHOBUBIHMECH
MOJIAl TEMICPATYPH, CKOPOCTH, & TaKie MHAYKTHMPOBHHBIE MAarHUTHBHIE N0JfA, BHunciens
XAPAKTEPHCTUKM YUCTOr0 MOTOKA MACCH U Yucino HycceabTa cTenkum.

Bo BrOopoM cilyyae pAacCMaTPMBAETCH CTALMOHAPHBIN [BYXMEDHLUI [OTOK B YCIOBUAX
€CTeCTBeHHOH KOHBEKIMM, CO3IaB3eMBIi HArpeBaHUEM IIPH IPOXOMKAEHHMH IOCTOAHHOIO
TOKA B AKCHAJBHOM HANPAaBIEHUH 4epPe3 I'OPH3OHTAIBHYI0 KpyIriylo TpyOy, 3amOIHEHHYIO
BNEKTPUYECKK TNPOBOOAlLelt BAsko#l xumkocTio. TemmepaTypa BHeWHeH [OBEPXHOCTH
TPyOH 1O/fepABAETCA TOCTOAHHOH NPHM ITOMOIIM OXJarkjalollell Cpeasl, KOTOPYIO
OPUHUMAIOT HeNpoBOJALlell W HeMarHuTHOW. BrouncreHo BINSAHNE HEPABHOMEPHOTO

KUHBEKTHBHOTO IIOTOKA Ha pachpejelHue TeMIepaType 1 Ha 4uciao HyccesbTa creHkH,

NOMENCLATURE

e.m.u. and c.g.s. system used throughout.

A

Q ®mES R

N v

dimensionless magnetic vector
potential ;

characteristic length;

specific heat at constant pressure;
electrical intensity;

gravitational force per unit of mass;

Grashof number, @gJi— (Example 1)

B 8o (Examplc 10):
magnetlc Grashof number, 4mou,vG;
magnetic intensity;

current density;

dimensionless parameter, PGK 4;

. Bga
dimensionless parameter P
D
thermometric conductivity;
[0
Hartmann number, p H, a P ;

Nusselt number;
pressure;

pressure p minus the hydrostatic

pressure p,;
Prandtl number ~k— ;

heat added by heat sources;
fluid velocity;
temperature;

x,y, z Cartesian co-ordinates;
r, ¢, z cylindrical co-ordinates.

Greek symbols

dimensionless heat source parameter;
coefficient of volumetric expansion;

™ e

dimensionless quantity, ~%*;
H2e

dimensionless local temperature distri-
bution;

temperature difference, T — T

A ratio of wall temperature differences,
ew} .

Bwo,

dynamic viscosity;

magnetic permeability;

kinematic viscosity;

magnetic viscosity;

fluid density;

electrical conductivity ;

dimensionless group, 1/4mou,,v;
dimensionless group, 1/PK x;
dimensionless stream function;
magunetic scalar potential.

® =

=)

.e.».smx qQ o 3 :3:“:

Subscripts

s reference condition (usually taken as
the hydrostatic condition);

w  wall condition;

1 and 2 wall condition at y =0 and «

respectively for Example I, and conditions in

the fluid and coolant respectively for Example

II.
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1. INTRODUCTION AND BASIC THEORY OF
TWO-DIMENSIONAL NATURAL CONVECTION
IN MAGNETO-HYDRODYNAMICS

THE PROCESs of natural convection flow will
occur when density variations due to heating
exist in a fluid, and is generated entirely by the
action of body forces due to gravity. This
process has many applications as a mechanism
for heat transfer and, for example, plays a major
role in the cooling of nuclear power plants where
liquid sodium is used as a coolant. It is the
purpose of this paper to investigate some aspects
of two-dimensional laminar natural convection
flow of an electrically conducting viscous fluid,
such as mercury or liquid sodium, in the
presence of additional forces due to imposed
electric and magnetic fields. In general two types
of problem require investigation. In the first
type if a natural convection flow exists we wish
to know how this is modified, i.e. changes in
heat transfer and net mass flow, when electric
and magnetic fields are applied. The second type
of problem which may occur is one in which the
natural convection flow is a direct consequence
of the applied electric and magnetic fields and
would not exist in the absence of these fields.
In this case temperature gradients are caused
by Joule heating if the region under consideration
is enclosed or partially enclosed by solid
boundaries.

The paper treats two relatively simple two-
dimensional natural convection flow régimes,
representative of the above types. In the first
example results are obtained for the steady fully
developed natural convection flow, with and
without heat sources, between two long parallel
plane surfaces with uniform magnetic fields
applied normal to the surfaces. The plane vertical
surfaces are open at both ends to the ambient
fluid and are maintained at constant tempera-
tures different from that of the ambient fluid.
This configuration is a modification of the
magnetic field-free case as discussed by Ostrach
[1] and the analysis of this example follows
Ostrach’s treatment of the thermal convection
problem and that of Cowling [2] in the discussion
of the Hartmann-Lazarus flow of an electrically
conducting viscous fluid between parallel flat
plates. The special case when the arithmetic
average of the plate temperatures is equal to the

temperature of the ambient fluid has been
discussed by Gershuni and Zhukhovitskii* [3].
In this reference the viscous and Joulean dissipa-
tion have been neglected in the equation of
thermal energy transport.

In the second example results are obtained
for the natural convection flow régime set up
by Joule heating when a direct current is passed
axially through a horizontal cylindrical tube
filled with conducting fluid. The outside surface
of the tube is maintained at constant tempera-
ture by a coolant which is assumed to be a non-
conductor and non-magnetic. End effects near
the electrodes are neglected, so that it is assumed
that the tube is sufficiently long to allow steady
two-dimensional natural convection flow near
the centre to be established.

Consider now the magneto-hydrodynamic
equations and the equation of thermal energy
transport relating to steady natural convection
flow. The usual assumptions are made with re-
gard to the physical properties of the fluid, i.e.
the viscosity, electrical conductivity and magnetic
permeability etc. are independent of the tempera-
ture and the strength of the magnetic or electric
fields invoived. The density of the fluid is
assumed constant except in the case of density
variation with temperature in producing the
buoyancy force. The basic equations in e.m.u.
and c.g.s. units are, in the usual notation,

divq =0,
(q.V)q = — 1/p Vp, + vV
+‘—;;J/\H —BT—T)g, (1.2

(1.1)

J2
pcy, q.VT = kVET + 5 T 0+ o, (1.3)

together with the electro-magnetic equations

divH =0, (1.9
curl H = 4aJ, (1.5)
curl E = 0, (1.6)
and finally Ohm’s law for the moving fluid
J =0(E 4 p, g AH). (%))

* The author is indebted to a referee for this reference.
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Here p; is the pressure of the fluid minus the
hydrostatic pressure, 8 is the coefficient of
volumetric expansion, Q is the quantity of heat
added by heat sources per unit of volume, and
@, is the viscous dissipation function. Further-
more equation {1.3) is valid only when the
temperature difference (T'—T) is small compared
with the hydrostatic temperature T, and all
physical constants appearing in equations (1.1)
to (1.7) must be evaluated at the hydrostatic
condition.

These equations can now be reduced to their
simplest two-dimensional form when the
following conditions are satisfied within the
fluid:

(i) the pressure gradient in the z-direction is
zero i.e. (pgfoz) = 0,

(it) the velocity and magnetic field components
are

q = [u(x, ,V), U(xs », 0}, (1.8)

and
H = [H, (x, y), H, (x, ), 0]. (1.9)

On using this assumed form for H equation (1.5)
implies that J, =J, = 0 and

oH, oH
4, = 2% = —7;
ox ay
equation (1.6) implies that
8E, OFE,
—— — =0
ox oy

and E,=E, 2 constant; equation (1.7)
now implies on using (1.8) and (1.9) that
E,=E,=0and J, = o[Ey + p,(uH, — vH,)]
Thus subject to the above conditions the equa-
tions governing the steady two-dimensional
natural convection flow, taking the x-axis in
the vertical direction, are

du ov

5;c+5}_):0’ (1.1
ou ou 1 ap,
TV T T o ex

4V — ‘f: J, H,+ B (T — Ty, (1.11)

ov ov B 1 _8}'75
e T
+ WV + ’% J.H,. (112)
oH, | °H,
Fr -+ T = 0, (1.13)
, L (eH, oM,
? T 4n\ex oy
= o[Ey + p WH2— vH)).  (1.14)
and
- er oT
pPCy (ua + b }‘Aj’
J2
=V + — + Q0+ @, (1.15)

a

where @, is the two-dimensional form of the
dissipation function

du\? on\2
2= (5) = (5)
‘on Ov\?
(&L v
() |
The boundary conditions for equations (1.10)
and (1.16) will be derived later.

2. EXAMPLE I: FULLY DEVELOPED NATURAL
CONVECTION FLOW BETWEEN PARALLEL
FLAT PLATES IN A MAGNETIC FIELD

2a) Statement of problem and gorerning
equations

The simplified configuration to be investi-
gated in this section is the fully developed
laminar flow of an electrically conducting
viscous fluid, with and without heat sources,
between two parallel flat plates orientated in the
vertical direction (taken to be the x-direction)
and distance a apart (i.e. y = 0 and a). The plate
surfaces, which are open at both ends to the
ambient fluid, are maintained at constant
temperature T ==T, at y =0 and T =1, at
y == g respectively, and in general Ty, # T, % T,
the ambient temperature. A uniform magnetic
field of intensity H, is applied normal to the
plates, i.e. parallel to Oy and perpendicular to
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Ox and Oz respectively. If the dimensions of
the plates are large compared with the distance
between them such that fully developed flow
exists everywhere (except near the edges of the
plates) then as in the Hartmann-Lazarus flow
(see Cowling [2]) a solution of the basic equa-
tions (1.10) to (1.16) is possible provided
U= u(y)a v=0, T= T(J’), H, = Hac(y) and
H, = H,, the applied field. The equations for
steady motion now become

d? opg

u
® ajg + BPg(T_ Ts) —uHoJ, = _8;9 (21)
9Pa
He JzHac —"55 (22)
1 dH,

Jz = = U(EO + Fre HO u), (23)

" 4n dy

and

K da2r du\?2
5+ (35)
+ Q 4+ o(Eq + pHu)> =0. (2.4)

Now we are interested only in the case for
which there is zero axial pressure gradient i.e.
Ops/ox = 0 and thus on using equations
(2.2) and (2.3) the momentum equation yields

d%u
bgpt Brg(T — T)

— ope Ho(Eg + pHou) = 0. (2.5)

The boundary conditions associated with (2.4)
and (2.5) are

u(0) = u(a) = 0, T0) = T,
T(a) = T,.

A solution of equations (2.4) to (2.6) may now
be obtained for any specified value of the con-
stant electric field £, and this would, on using
equation (2.3), imply a flow of current in the
z-direction. Suppose now the channel is bounded
by electrically insulated walls in the planes
z = + d, where d > a. For this model a non-
uniform induced electric field is set up since
J, must vanish at z = + 4. Equations (2.4)
and (2.5) no longer apply to this situation
since the condition that Fy, must be constant is

} 2.6)

and

violated. To represent this model as closely as
possible Cowling [2] suggests that the constant
E, is adjusted to make the total current [¢ J,dy
flowing between z = + d vanish. This gives

Hy [¢
E(,:—’-‘—"Judy

a 0

@27

which is consistent with the boundary condition
H,(0) = H(a) = 0. This follows from the
condition that there must be no discontinuity
in the tangential component of H at the solid
interfaces y = 0, a. Thus for a long rectangular
duct, having aspect ratio 2d/a > 1, orientated
in the vertical direction and with a uniform
magnetic field imposed perpendicular to the
isothermal walls y =0, a, the steady fully
developed natural convection flow near the
central axis of the tube (z = 0) and sufficiently
far away from the open ends, is determined by
the equations

d2u
gy + pBg(T — T)

aQ

1
— op? Hg(u —_—= J udy) =0, (2.8)
alo
COT (s
dy T H (d—y)
1 (e 2
+o+ant(u—; [ ) =0 @9
0

subject to the boundary conditions (2.6). The
terms in (2.8) denote the viscous, buoyancy and
Lorentz forces respectively; the terms in (2.9)
denote the transport of thermal energy by
conduction, viscous dissipation, heat generation
by heat sources, and Joulean dissipation. We
note also that the Lorentz force opposes the
buoyancy force, which leads to an effective
decrease in velocity or net mass flow as H,
increases.

As the units of field strength, temperature
and velocity we choose Hy, 6, = (T, — T;) and
v/a respectively. Dimensional analysis then
leads to the introduction of four dimensionless
parameters: the temperature difference ratio

W(Tl—Ts)“ol .

)\—‘_ = 7
(To—T) 6,
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the heat source parameter a = Qua®kf,; the
Hartmann number M = p, Hya(o/pv)?; and,
due to Ostrach [1], the dimensionless group
K = PGK4 where P = (pc,v/k) is the Prandtl
number, G = (8¢8,4%/+®) the Grashof number
(6, = 6, or 6,), and the dimensionless group
K4 = (Bgajc,). We now introduce the new
dimensionless variables

o xi—T)

Ir:: a, 3
o To—T)

U=KiPu
a

2.10)

When these substitutions are made in the basic
equations of motion (2.8) and (2.9) we obtain

1
U"—}-@—Ma(U—J Udy) =10, (211
]

1
8" + (U +M2(U — J UdY) + oK = 0,
0
(2.12)

subject to the boundary conditions

U(0) = U(1) =0, 000) = K }(2'13)

and O(1) = K.

In equations (2.11) and (2.12) the prime denotes
differentiation with respect to Y.

It remains now to choose representative values
of @, A, M and X applicable, for example, to
liquid metals. Without loss of generality we shall
take @ = 0, 10 and 100, A = —1(1)2 and
M = 0,2, 4 and 10. However, as seen from Table
1, we are interested only in a range of small or
moderately small values of K. For example,
considering the convection flow of mercury in a
gravitational field at room temperature (20°C),
and taking 6, = Ty — T, = 5°C and the plates
5 cm apart (i.e. @ == 5), then K = 1-5; for liquid
sodium, if 7, = 200°C, 6, = 100°C and ¢ = 10
then X = 1-04. In the next section series ex-
pansions in powers of K are obtained for U and
©, valid for small X and all values of the re-
maining parameters «, A and M.

2(b) Series expansion for small K
A series solution for U and © may be obtained
by taking

Table 1

: Liquid

 Mercury, 20°C sodium,

’ 200°C
Density, p (g/cm®) : 13-55 0-904
Coefficient of cubical

expansion, B (/°C) | 182 < 10~% | 2:2 x 10~
Dynamic viscosity, w

(g/cm sec) 153 < 10-% | 45 -« 1079
Kinematic viscosity, »

{cm?/sec) 113 < 1073 | 497 < 103
Permeability, g, (e.mu) | 1 1
Resistivity, R

(ohms-cm) 9-58 » 10-% | 1-36 - 10-3
Specific heat, ¢, (cal/°C)| 3-33 < 10-2 | 0-32
Thermat conductivity, ! .

K {calfcm sec°C) 190 < 10-2 | 0-195
Prandti number,

p=ro | 268 » 107t 738 ~ 10-3

K ! i
= 674~ 100 | 218 ~ 10°
4mrap, v
© )
U=K X K'U(Y) ;
n=t

- L(2.14)

and

0 =K % K,0,Y).
=t

On substituting the expansions (2.14) into equa-
tions (2.11) to (2.13) and equating coeflicients
of like powers of K, there results a set of differen-
tial equations of which the first few are:

O +a=0,040 =1, O,1)=121; )
Uy + 6y — M¥U, — |} UdY) =0, }(2-15)
Ug0) = Ug(1) = 0: |
6 + (U -+ MYU, — [} Upd Y)* = 0.
E=3 () =] .
0,(0) (1) = 0; 1} (2.16)

Ul + 6, — MXU, — A UdY) =0,
U0) = Uy (1) = 0.

Equations (2.15) yield the fully developed velocity
and thermal profiles neglecting the viscous and
Joulean dissipation.* The inclusion of equations
(2.16) refines this approximation to include the
dissipation functions.

* Note that the case A = — 1 is that treated by Gershuni
and Zhukhovitskii [3].
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For the zeroth-order functions U, and &, we The first-order functions are obviously more

obtain tedious to evaluate. They can be expressed as
Oy =1+ bY + b, Y2, 217
MU, = BySy(M, Y) + B, S,(M, Y) M, = — 3 CognlY),
L b+ BYEL  (218) "= }
where MU, = E; Co oY) (2.19)

Se(M, Y) = sinh M — sinh MY
-+ sinh M(Y — 1.

SyM, Y) = sinh M + sinh MY

where
CI == Bf, C2 = B;, C3 = 28132, C& :281,

+ sinh M(Y — 1), C;=2B, and Cg=1.
by=14a + 22 =2, b =—af2, The subsidiary functions g,(Y) and £,(Y) are:
B — M¥6 + 6X + a — 12a/M?)
L 24(cosh M — 1) 4M3%g, = cosh 2M(Y — 1)
and 5 —M(} — 1) — 2 cosh 2M(Y — }) + cosh 2M Y
7 siphM — (cosh 2M — 2 cosh M 4 1), (2.20)
. 3M(cosh 2M — 2cosh M + 1)
4 2,
12MY, = 4M?%, + {smh M + Scosh M — 1) } SoM, Y), (2:21)

4M?3g, = cosh 2M(Y — 1) + 2 cosh 2M(Y — }) + cosh 2MY — (cosh 2M + 2cosh M + 1), (2.22)

A — AM20 L L (cosh M + 1) 3M(cosh 2M + 2 cosh M + 1) :
12M%, = 4M?%g, + LsmnM (cosh 77 — 1) Scosh M — 1) SeM, Y), (2.23)
4M?%; = (1 — 2Y)(1 — cosh 2M) + cosh 2M(Y — 1) — cosh 2M Y, (2.24)

(cosh M il)

12M%f; = 4M3% 5 — 4(1 — cosh ZM){ sinthMY —cosh MY + 1 — 2Y} (2.25)

sinh M

M2

2b,\ . . 2b,
Mg, =M {(ba + J) sinh M + (b, + by) Y sinh M + {b., + ”M'"Z +bY + ngﬁ}Sg(M, Y)]

+ by (cosh M — 1) — 2(b, — by)(cosh M — 1)Y — (b, + 2b,Y)Co(M, Y), (2.26)

2b,\ 8b,\ .
Mg, :—.M[(bg + A—li) sinh M + Y(b1 + by — “M‘i) sinh M + {bo + i—;’-§+ b Y + bzyz}

Ss(M, Y)] + by (cosh M + 1) + 2b, (cosh M + )Y — (b, + 25,Y)C{(M. Y).(2:27)
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120, — 12M [2—2coshM+MsinhM( . bl\)

sinh M ~ 2(1 — cosh M)M? —2,

12b, [sinh MY 33(b; + b4) / ) (1 4+ écosh M
W[EH}TM - Y]Jr[”*z*M (3” +3 b3+”4+zw (inh 27 )
__simh M
2(cosh M — 1)

1 4 6 cosh M
2M(cosh M — 1)

b
- ﬁz] Sy(M. ¥)

/ 1 9
8{6hy = 20+ 30+ OB+ 2109) = |

cosh M + 8

215, 216,
T (6b 47 )Q’M(coshM . (6b5+9b + 9by -+ = )

So(M, Y) 1 4 6cosh M} .
X E]B“M- -+ [ (b -+ b4) + (6b5 + 3b -+ 2b4 + — ) Sll’l]:liﬁu } sinh MY

+ [(6b5 1 3/\%) Y + 3b, Y2 + 2b4Y3] [cosh M(Y — 1) + & cosh MY] —

b, 1 + 8 cosh M
2 — ! it
[b Y + b, Y?][sinh M(Y 1)—{—851nhMY]+3{2M sinh M
_ﬁsinh M N
2M(cosh M — 1)

/ 2 cosh M + 6 1+8coshM
N (1 + ﬁz) b72M2(cosh M—1) <2b +br M+ Mz) 2(cosh M — fSO(M ¥)

(1 -+ 8 cosh M)
sinh M

)
- 2 (2b6 + b7) - [8(2b6 + 3b7) - 2b6]

+3 [ — 8(2bg + b7)] sith MY + 3[2b5Y + b,Y?] [sinh M(Y — 1)

3b
-+ 8sinh MY] — 7&7[7 Y[cosh M(Y — 1) + & cosh MY],

4 4
gG= 2 dY"—YXd,

r=9 r=0

1 1 )
fo = [_ SR {(3d1 + 6d, + 10dy + 15d, +) e (60d3 -+ 180d4) '

M
Y 1 L5
+2(coshM—1){( §do+ i+ 5 dy + §dy + £ dy)

1 1
+ M2 (2dy + 3d, + 4dy + 5d; + 6dy) + Mt (24d, + 60d; + 120d,)

720d 1
+ 2 }] S Y+ g 37 | @6+ 124+ 20d, + 304
4
1 6d, 120dy
+ 32 (120d5 + 360d4)] sinh MY -+ Y( E d, — M; — —Wi‘)

r=0

2
O—d—‘") —dy YA —d, Y5,

12d. 360d
. Y2( 2 4) o =

dy+ S5 + 5

) -r (dl +

—

> (2.28)

(2.29)

- (2.30)
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Here Sy(M, Y) = sinh M(Y — 1) — sinh MY,
Sy(M, Y) = sinh M(Y — 1) + sinh MY,
Co(M, Y) = cosh M(Y — 1) — cosh MY,
Ci(M, Y) = cosh M(Y — 1) + cosh MY; in
equations (2.27) 8 = —1 when p = 4 and 8 =
-+1 when p = 5, and the constants b, are

a b b2
b0:1_mab3:ﬁab4:ﬁ29
1 2b b
b5———ﬁ—4(b0+ﬁ§),b6:~ﬁ12
2b,
and b7:—M~'2.

Finally in equations (2.28) and (2.29) the con-
stants d, are

dy = } (b2 + M?by), dy = } by(b, + M?by),
dy = 1% {4 + M?*(2bob, + b3},
d3 = ‘1‘% M2b1b2 and d4 = 516 M2b§.

The zeroth and first-order functions have been
calculated from equations (2.17) to (2.30) for the
following cases: M = 0, 2, 4 and 10, « = 0, 10,
and 100 and A = —1(1)2. These are tabulated
at an interval of ¥ = 0-2 in Tables 2 and 3.
Note that in these tables and in all succeeding
tables the figure in parenthesis, say n, denotes
a multiplying factor of 10—

2(c) Flow and heat transfer characteristics

From section 2(b) quantitative information may
now be deduced for flow and heat transfer
characteristics such as the net mass flow, the
induced magnetic flux density, and the heat
transfer coefficients at the wall.

(i) Net mass flow. The net mass flow per sec
per unit breadth of wall in the z-direction when
the isothermal walls are a distance a cm apart is
given by

d = pU/PK4 (2.312)

where on using (2.14) we obtain
U=K[lUAdY + K2[L U, dY + O(K?). (2.31b)

These integrals have already been evaluated in
the determination of U, and U, and are tabulated
in Table 4 for « = 0, 10 and 100, A = —1(1)2
and M =0, 2, 4, 10, 20, 40, 100 and 200.

(i) Induced magnetic flux density. From Ohm’s
law as stated in equation (2.3) together with
expressions (2.7), (2.10) and (2.14) the induced
magnetic flux density B, = u,H, is evaluated
to be

B, = ByGu [{(Uo - Uo)dY
+ K[Y (O, — U)dY + 0(K?)]. (2.32)

Here Gy = 4mou,vG is the magnetic Grashof
number and is the natural convection flow
equivalent of the magnetic Reynolds number.
The magnitude of B, can then be calculated
using equation (2.31) and Tables 2-4.

(iii) Heat transfer coefficients. The heat transfer
coefficients at the wall can be expressed in the
usual fashion by dimensionless Nusselt numbers.
For the case when the walls are not at the same
temperature i.e. A = 1 then at the wall y = 0

dTr a
Nuy = | 5= T
o (dy)y=0 (Twl - wo)

1 00
“0 = DK (é?) s @3
and at the wall y = a
dr a
Nu, = |+~ .
! (dy)y=a (Twl - Tw(})

— (1\1_11,)7( (g@i')y:; (2.34)

When the series expansion for @ given by
equations (2.14), (2.17) and (2.19) is substituted
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Table 2
U, a=0, A=2 ! U, a=0 A=2
y | M=o 4 M=2 | M=4 M=10 M=0| M=2 | M= M=10
00 o [ o 0o 0 | 0o o o i 0
02 | 142 (=1) | 107 (—1) 951 (=2) | 625 (~2) || 847 (—4) | 7:23 (—4) | 489 (—4) | 125 (—4)
04 | 176 (—1) | 1463 (—1) | 136 (—1) | 725 (=2) | 132 (=3) ' 110 (=3) | 701 (—4) | 144 (—4)
06 | 184 (=1) 170 (~1) 141 (—1) | 744 (-2) } 132 (=3) 110 (=3) | 703 (—4) | 144 (~4)
08 128 (=) | 121 (~1) | 107 (—1) 671 ( 2) | 857 (—2) 1 731 (—4) | 495 (—4) 123 (—4)
to . o | o ‘ A o o
\
ey @ =0, A=1 | w, a=0, A=1
. |
y | M=0 CM=2 | M=4 | M=10 | M=0 M=2 J M—4  M-10
00 o | o | o | o f o . o | o | o
02 | 800 (—2) | 761 (—2) | 673 (=2) | 432 (=2) | 375 (—4) | 320 (—4) | 217 (—4) | 54 (—5)
04 | 120 (1) | 111 (1) | 924 (=2) | 490 (~2) | 582 (~4) | 485 (—4) | 309 (~4) | 63 (-5)
06 | 120 (~1) | 111 (—1) | 924 (=2) | 490 (~2) | 582 (~4) | 485 (—4) | 309 (~4) | 63 (-5
08 | 800 (~2) | 761 (—2) | 673 (~2) | 432 (=2) | 375 (—4) 320 (—4) | 2117 (—4) 54 (—5)
10 o o o } I
Uy, a=0 A=0 ! u, a=0 A=0
yo| M=0 M-2 | M-34 ;leo! M=0  M=2 | M=4 | M=10
00 ‘ o o | 0o o0 0 0 0 i 0
02 | 480 (-1 453 (D) 394 (D) 239 (—2) | 103 (—4) |88 (=5) | 60 (—5) | 21 (=5)
04 640 (—2) | 592 (—2) | 489 (=2) | 254 (=2) | 158 (=4) | 132 (—4) | 85 (=5) | 17 (=)
06 | 560 (-2) | 520 (=) [ 435 (~2) | 236 (~2) | 157 (~4) | 131 (—4) | 84 (=5) | 18 (=)
08 320 (~2) 308 (-2) | 279 (=2) | 193 (~D) | 100 (~4) &5 (=5)| 58 () | 15 (-5)
oo o 0 N o . o
U, a=0, A= —1 u, a=0, A= —1
vy | M=o M=2 | M=4 | M=10 | M=0 | M=2 | M=4 | M=10
00 0 o | o . o o | 0 | o o
02 | 160 (=) | 146(-2)| 115(-2) 465(=3)| 31 (=5 | 26 (=5 | 19(=5) | 90 (-6
04 | 80 (=3)| 717(-3) 542(—=3) 184 (—3)| 49 (=5 | 42 (=5) | 28 (=5) | 11 (-5
06 | —80 (=3)| 717 (-3)| —542 (=3) —184 (~3) | 49 (=5 | 42 (=9 | 28 (=5) | I'1 (=5
08 | —160 (—2)| — 146 (—2)| —1-15 (—2) | —4-65 (=3)|| 31 (—5) = 26 (=5) | 19 (=5) | 90 (~6)
10 | 0 0 o I o | o o ! o 0

I
i 1| : 1 . ]
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Table 2 (contd.)
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- R - RN ~ R
eziise Hetiine esrie
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o F o NN g o
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s 1= $88%F “iE| &888& = | §TR¥
S TTTT o Bl R Pl 77T
. il O 8 it @ O ey 8 it oW s
~
£
= | Saxc 12| R88R &= | 8H8Y
e N Al Ko ol 00 vt 7= ™
| @maa | mees o| Smme
PR > | _TITT, o DR
T | 827 = | 8989 = | ¥7¥3%
[ WieBaz B o] Ll e X2 R O ot O
o panamfantan o ANAN = NN
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T~ » N2y
x| ]88 x| 388 x| 2827
v o0 OV T~
< | @=es +| ==o= < | ===a
PR RN RN
~ x| agss - x| a55a o x| 3382
= coas = coas = cooo
ol o~ o~
S|y UNBUNS =N RN g1 Jily
- [~ =] - [~ < - < [~
vy O NS [ 3
s 88283 x| ¢88¢% s ] 2383
o e O O - B O O vt o ;v oy
$lo| =@e== $lo| ==e= $lo| emee
RPN N R
o4 o L g L ong w00
| 28388 = B¥3IS S| 8888
—enen o O] O v - "
el O W LI T OO LMNT OO

-1

A

#, o= 10,

0
64 (—5)
76 (—5)
75 (—5)
63 (~5)

0

M=10

0

270 (—4

385 (—9)

383 (—4)
0

265 (—~4)

|

|

Y
403 (~4)

|
|
|
|

395 (—4)
0

6:09 (—4)
606 (—4)

0

7-31 (—4)
0

729 (—4)

A= —1

up, o= 10,

10

M

0

M=4

0

525 (—2) | 350 (~2) | 463 (—4)
0 0

997 (~2) | 497 (-2)

i
'

‘78 (—2) | 755 (—2) | 443 (—2) | 473 (~4)

2 (~1)

!

0
7 (—1) | 888 (—2) | 461 (—2)

-86 (—2)
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Table 2 (contd.)

g, a = 100, u, a=100, A=2
¥ M=0 | M=2 | M=4 | M=10 | M=0 —2 | M=4 | M=10
00 0 o | o o | 0o i 0 o | o
02 | 885 (—1) | 839 (—1) | 735 (—1) | 459 (~1) | 567 (~2) 482 (=2) | 322 (~2) | 763 (-3)
04 | 142 131 108 552 (—1) 882 (—2) ] 732 (—2) | 462 (—2) | 902 (—3)
06 | 142 132 108 553 (—1) | 882 (~2) | 732 (-2) | 462 (=2) | 903 (-
08 | 901 (~1) | 853 (1) | 747 (| 46 D ‘ 567 (~2) | 482 (—2) | 323 (~2) | 763 (-3)
10 ‘ 0 0 | 0 | 0 | 0 0 ? 0
| | |
Uy, @ =100, A =1 I uy, o =100, A =1
vy | M=0 | M=2 | M=4 | M=10 « M=0 | M=2 ‘ M=4 | M=10
00 0 o ¢ o | o | o | o 0 0
02 | 853 (—1) | 808 (—1) | 7:07 (—1) | 440 (—1) | 522 (~2) | 444 (—2) | 297 (—2) | 701 (—3)
04 | 136 126 1.03 528 (—1) | 812 (—2) | 674 (=2) | 425 (—2) | 829 (—3)
06 | 136 126 103 528 (—1) | 812 (=2) | 674 (~2) | 425 (=2) | 829 (—3)
08 | 853 (—1) | 808 (—1) | 7:07 (~1) | 440 (—1) | 522 (=2) | 444 (~-2) | 297 (—2) | 701 (—3)
10 0 0 1 0 0 ‘ 0 0 { 0 0
Uy, a=100, A =0 I u;, a=100, A =0
/ ‘
¥ M=0 | M=2 | M=4 =10 | Mm=0 | M=2 | M=4  M=10
00 0 o | o o | o . 0 o | o
02 [ 821 (=) | 777 (=) { 679 (—1) | 421 (—1) ‘ 479 (=2) | 407 (=2) | 272 (=2) | 641 (=)
04 | 130 120 991 (~1) | 504 (~1) | 745 (=2) | 619 (=2) | 3:90 (~2) | 7:59 (~3)
06 | 130 120 9-86 (—1) | 503 (—1) H 745 (~2) | 619 (—2) | 390 (~2) | 759 (~3)
08 805 (-1 | 763 (~1) | 668 (=D 416 (1) [ 478 (=2) | 407 (=) | 272 (=2) | 64] (-3
10 | o o 0 0 0 ] 0 0
‘ ‘
i ‘ 3
Uy @ =100, A= —1 “‘ 4y, a=100, A= —1
¥ M-0 | M=2 | M-4 M=104 M=0 | M=2 | M=4 | M=10
00 0 0 0 0 o o . o 0
02 | 789 (—1) | 747 (1) | 652 (—1) | 402 (1) | 438 (=2) | 372 (—2) | 249 (—2) ‘ 585 (—3)
04 | 125 115 948 (1) | 481 (—1) | 681 (—2) | 566 (—2) | 3:57 (—2) | 692 (—3)
06 | 123 114 937 (—1) | 477 (=1) | 681 (—2) | 565 (—2) | 356 (—2) | 692 (—3)
08 | 757 (-1 | 747 (-1 | 629 (1) | 392 (—1) | 437 (=2) | 371 (—2) | 248 (—2) | 584 (~3)
10 0 | o 0 0 0 0 0
|
i 1
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Table 3
|
By, a =0 5 By, a = 10 H 0y, a = 100
| L
y =2la=1 ,\=0}A=—1i A=2[A=1[2=0A=—-1 A=2A=1]2=0|r=~1
00 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 ' 10 10 10 10
02 | 12 | 10 | 08 06 | 20 | 18 | 16 14 1 92 9.0 88 86
04 | 14 | 10 | 06 02 | 26 | 22 | 18 14 ‘ 134 | 130 | 126 122
06 | 16 | 10 | 04 | —02 @ 28 | 22 | 16 10 | 136 | 130 | 124 11-8
08 | 18 | 10 | 02 | —06 | 26 | 18 | 10 02 = 98 9:0 82 74
10 | 20 [ 10 0 ~10 | 20 | 10 0 1 ~10 © 20 1-0 0 —10
i ! ‘ '}
0, a=0, A=2 0, a=0, A=1
v | M=0 ’ M=2 | M=4 | M=10 M=0 M=2 M=4 | M=10
00 | 0 0 | 0 0 0 0 0 0
0-2 101 (—2) | 897 (=3) ( 678 (—=3) | 257 (=3) || 453 (=3) | 404 (—3) | 3-05 (=3) | 1-16 (—3)
04 | 119 (=2) | 107 (~2) | 829 (=3) | 330 (=3) | 520 (~3) | 470 (—3) | 3-66 (—3) | 1-47 (—3)
06 118 (—2) | 107 (=2) | 836 (—3) | 339 (—3) || 520 (—3) | 470 (—3) | 366 (—3) | 1-47 (~3)
08 105 (=2) | 9:36 (—3) | 707 (=3) | 271 (=3) | 453 (=3) | 404 (=3) | 305 (=3) | 116 (-3)
1-0 0 o 0 | 0 0 0 0 0
|
6, a=0, A=0 0, a=0, A= —1
y CM=0 | M= M=4 | M=10 | M=0 | M=2 | M=4 | M=10
00 | 0 0 0 0 0 0 0 0
02 | 128 (=3) | 1'14 (=3) | 871 (—4) | 342 (—4) || 297 (—4) | 280 (—4) | 2:38 (—4) | 113 (—4)
0-4 ( 1441 (—3) | 128 (—3) | 102 (—3) | 420 (—4) | 4-87 (—4) | 446 (—4) | 3-55 (—4) | 1-46 (—4)
06 | 143 (—3) [ 129 (—3) | 992 (—4) | 3-88 (—4) || 487 (—4) | 446 (—4) | 355 (=4) | 146 (—4)
08 1113 (=3) | 101 (=3) | 774 (—4) | 296 (—4) || 2:97 (—4) | 2:80 (—4) | 2:38 (—4) | 1113 (—4)
10 } 0 0 o | 0 0 0 0 0
| i !
8, a=10, A=2 ) 8, a=10, A=1
v M=0 | M=2 | M=4 | M=10 H M=0 I M=2 | M=4 | M=10
0-0 0 0 0 0 0 0 0 0
02 2:96 (—2) | 2:64 (—2) | 198 (=2) | 734 (=3) | 194 (=2) | 173 (=2) | 129 (=2) | 477 (=3)
04 349 (—2) | 315 (=2) | 244 (=2) | 952 (=3) || 226 (—2) | 204 (—2) | 1-58 (=2) | 6:19 (=3)
0-6 348 (—2) | 315 (—2) | 245 (—2) | 967 (—3) || 226 (—2) | 204 (—2) | 158 (—=2) | 619 (—3)
08 303 (—2) | 270 (—2) | 203 (—2) | 754 (=3) | 194 (=2) | 173 (=2) | 129 (=2) | 477 (=3)
1-0 t 0 0 0 0 0 0 0 0
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Table 3 (contd.)

6, a=10, A=0 O, a=10, A= 1
{ ]
y I M=0 M=2 M=4 | M=10, M=0 M=2 | M=4 | M=-10
|
00 | o = o 0o | o0 “ 0o f 0
02 | 114 (=2) | 102 (~2) 762 (—3) | 280 (=3) | 575 (—3) 511 (~3) | 383 (—3) | 141 (=3)
04 131 (=2) | 119 (=2) | 923 (=3) | 3-62 (—3) | 655 (=3) 594 (—3) 465 (—3) 184 (—3)
06 133 (~2) | 1119 (=2) 1 919 (~3) | 354 (=3) | 673 (~3) 604 (~3) | 461 (=3) 173 (—3)
08 | 111 (~2) ‘ 9-83 (—3) - 7-37 (—3) | 2:69 (—3) | 526 (~3) 469 Y 1 354 (=3) 1 129 (—3)
10 | 0 | 0 0 0 0 o 0
|
6, a=100, A=2 6. a=100, A=1
¥ M=0 | M=2 M=4 | M=10 | M=0 M=2 | M=4 | M=10
| | !
00 o 0 ' 0 ‘ 0 0 0 0 0
02 | 674 (—1) | 599 (—1) | 447 (1) | 161 (—1) | 622 (~1) 552 (—1) 412 (~1) , 148 (—1)
04 | 796 (~1) | T18 (—1) ¢ 554 (—1) | 213 (=1) | 733 (—=1) 661 (—1) | 510 (~1) | 1:96 (—1)
06 | 795 (~1)| 717 (=1) | 554 (1) | 214 (=1) | 733 (~1) - 661 (=1) | 510 (~1) | 196 (1)
08 | 677 (=1) 601 (—1)| 449 D6 D62 (<1552 (-1 412 (1) | 148 (~D)
1-0 o | o 0 0 0 | o | o
| : | | |
6, a=100, A=0 i O, a=100, A= —1
y | M-0 | M—2 | M—4 |M=10 M=0 M=2| M=4 M=10
00 0 o | o | o 0 o | o | 0
02 | 571 (—1) [ 507 (—1) | 378 (—1) | 136 (—1) | 523 (—1) | 464 (—1) | 3-46 (=1) | 1:24 (1)
04 | 672 (—1) | 606 (—1) | 468 (1) | 180 (~1) | 614 (1) | 5-54 (—1) [ 428 (—1) | 165 (~1)
06 | 673 (=1) | 607 (=1) 468 (=1) | 179 (1) | 616 (~1) | 5:5 (—1) | 428 (~1) | 1:64 (1)
08 | 569 (—1) | 505 (—1) | 377 (—1) | 135 (1) | 518 (=1) | 460 D[54 D s <p
10 0 0 ‘ 0 i 0 o 0 0
! {
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Table 4
{Luydy, a=0 \ fSupdy, a=0
M A=2 | a=1 A=0 | A=-1 . A=2 A=t A=0 | A=—1
0 | 125 (—1)| 833 (—2) | 417 (=2 0 901 (—4) | 397 (—4) | 107 (—4) | 331 (=9)
2 | 117 (=1) | 783 (=2) | 391 (~2) 0 760 (—4) ' 335 (—4) | 91 (=5)| 29 (—5)
4 101 (=1) ] 672 (=2) | 336 (—2) 0 [ 500 (~4) 220 (—4) | 60 (=5)|20 (-9
10 | 600 (—2) | 400 (—2) | 200 (—2) 0 [ LI1S(=4) 51 (=5 |14 (=5)|50 (~6)
20 1337 (=2 225 (-2) | 112 (-2) 0 |21 (=5 90 (—6) 30 (—6)| 10 (—6)
40 | 178 (=2) | 119 (—2) 594 (—3) 0 30 (—6)' 10 (=6 0 0
100 | 735 (—3) | 490 (—3) | 245 (~3) o | = — — —
200 | 371 (=3) | 247 (=3) | 124 (-3) 0 — — — —
jo#odY, a=10 3 tudy, a=10
M l A=2 A=1 A=0 | A=—1] r=2 A=1 | A=0 A= -1

2:08 (—1) | 167 (=1) | 125 (=1)
156 (—1) | 117 (=1)
167 (=1) | 133 (=1) | 997 (-2)
10 977 (=2) | 777 (=2) | 577 (-2)

833 (—2) || 265 (—3) | 171 (—3) | 998 (—4) | 497 (—4)

7.

6

3
20 540 (—2) | 428 (— 2) 1315 (=2) | 2-

1

4

2

3

9 (—2) || 223 (—3) | 1144 (—3) | 8:40 (—4) | 418 (—4)
1(-2)[ 146 (—3) ;942 (—4) | 547 (—4) | 273 (—49)
7(—2)| 327 (=4 | 210 (—4) | 121 (-4 | 60 (—35)
3 (=2 |57 (=5)]36 (=521 (=510 (=5
3
6
8

AN O
=
O
wn
—_~
)
~—

40 2:82 (—2) | 222 (—2) | 1-63 (—2)
100 115 (—2) | 906 (—3) | 661 (—3)
200 579 (=3) | 456 (=3) | 3-32 (=3)

(=2) | 80 (—6)|50 (—6)| 30 (—6) 10 (—6)
-l — — - —
) - — - -

I},uodY, a = 100 | J"l)uldY, a = 100

M A=2 | A=1 | A=0 | a=—1] a=2 | A=1 | a2=0 | a=-1
0 1958 (D) 917 (-D| 875 (-1 833 () | 601 (-2 553 (2| $07 (=D | 484 (-2

2 | 896 (—1) | 857 (=1) | 818 (=1) | 779 (—1) | 505 (—2) | 465 (~2) | 427 (=2) | 390 (—2)
4 [ 762 (~1) | 728 (~1) | 694 (~1) | 661 (~1) | 328 (—2) | 302 (=2) | 277 (=2) | 233 (~)
10| 437 ()| 417 (=D | 397 (<D | 371 (-1 | 718 (-3 | 680 (-3 | 604 (=3} 550 (=)
20 | 236 (—1) | 225 (=1) | 214 (=1) | 203 (=1) | 115 (=3) ' 1:05 (=3) | 9:57 (—4) | 8:68 (—4)
0 | 121 (=D | 115 (<D | 109 (=) | 103 (-1 | 171 (~4) | 157 (~4) | 142 (~4) | 129 (=9
100 | 490 (—2) | 465 (—2) | 441 (=2) | 416 (=2)| — — —
200 | 245 (-2) |233 (=2) | 221 (-)) | 208 (<)) | — |, — — —
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into equations (2.33) and (2.34) the following expressions are obtained:

(a—+—2)«~—2) K 8a)coshM+1 1
1 . ?
— Dy (3, A, M) + 55375 (a + 8ad + 200 — 8a — 80X — 60) b (2.35)
|
|
1 1
- TTE (a? 4 8ad — 1222 4 160 — 247 + 36) — IE (a2 — 8ai -+ Sa)] R J
and
_Qx—a-=2) K 8a cosh M + 1 ]
1 ;
— Dy (a, & M) = 5041, (a* — 8aX — 60% + 8a — 80X + 20) ]L(z 36)
24 172 (62 + 8a) — 1202 + 162 — 24X + 36) — 2;46 (a? — 8aX + SQ)} Jz‘
where
/ 12a\2 sinh M
Do (e, A M) = (6 +6Ata— ”"A'/ié‘) 576M (cosh M — 1)’
and
_ / ! 12a ((Mz 4} sinh 2M + M (cosh 2M — 1) + 8sinh Aﬂ
Dyfa, A M) =(A—=1) (6 +t6d+a~ ’MZ)\ 4804 sinh M (cosh M — 1) [

When the walls are at equal temperature i.e.
A =1 the Nusselt number may be defined as

N = Nug — N a_ dT) 1
2.37
1 a@) P @31

- K (f}ﬁ}”: - J

On using the results of section 2(b) we obtain
when A =1,

@ A
Nu = 5 + K[DO (a, 1, M)
L (@120 (2.38)
Ftaopp@ 120
a?
+ 241 24M4 ala + 24) — 2M6] ]

The Nusselt number Nu, (¥ due to ordinary
conduction and Nu, , due to dissipation effects
have been evaluated for « =0, 10 and 100,

A= —1(1)2and M =0, 2, 4, 10, 50(50)200 and
are given in Table 5. The actual wall Nusselt
number is then given by

Nitgy = Nitg,(® + K Nug,® + O(K2). (2.39)

2(d) Discussion

The velocity and thermal profiles for fully
developed flow depend on the four parameters
K, a, A and M. Let us first consider M fixed and
examine general trends due to variations in
K, o and ). These are the same as in the magnetic
field-free case and have been summarized by
Ostrach [1] as follows:

(i) An increase in either the wall temperature
difference ratio A or the heat source parameter
o increases the velocity, net mass flow and
temperature.

(i) The viscous dissipation was found to alter
appreciably the velocity and temperature profiles
in some cases, showing that as K was increased
(« and X remaining fixed) then the velocity was
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Table 5
Nitg® | Nuy @
|
V=0 a=10]a=100 ] «=0|a=10 a=100
2 1 6 | 51 1 4 49
1 0 5 50 0 5 50
0 1 4 | 4 1 6 51
—1 1 15 | 24 1 35 26
NugV, a =0 Ny, a=0
M A=2 A=1 A=0 A=—1 | a=2 A= 1 A=0 | A= —1
0 | 861 (—2) 416 (=2) —130 (—2)| —139 (—3)| —102 (—1)| 416 (—2) | 833 (—3) | 139 (—3)
2814 (=2) 391 (—2) —128 (=2)| —127 (—3)|| —9-50 (—2)| 391 (=2) | 799 (—3) | 127 (- 3)
4 | 708 (=2) 335 (=2) —107 (—2)| —101 (=3)| —813 (~2)| 335 (=2) | 715 (=3) | 101 (=3)
10 | 435 (=2) | 200 (—2) | —5:80 (—3)| —435 (—4)| —470 (~2)| 200 (—2) | 463 (—3) | 435 (—4)
S0 | 107 (—=2) | 480 (=3) —121 (=3)| =29 (—4)| —109 (~2)| 480 (=3) | 118 (—3) | 29 (—4)
100 | 549 (—3) | 245 (—3) . —624 (—4)| —80 (—5)| —554 (—3)| 245 (—3) | 608 (—4) | 80 (—5)
200 | 278 (—3) l 123 (=3) | =312 (—4)| =20 (—6) | —2:43 (=3)| 123 (—3) | 327 (—4) | 20 (—6)
Nug®, o =10 Nu; W, =10
M A=2 a=1 A=0 | A= —1 A= 2 A= 1 A=0 | A= —1
0 | 248 (—1)! 167 (~1) | 1:03 (—1) | 274 (=2) | 275 (=1) | 167 (=1) | 872 (—2) | 175 (—2)
2 233 (=1) | 156 (—1) | 953 (—2) | 2:52 (—2) | 2:56 (—1) | 156 (—1) | 819 (—2) | 166 (—2)
4 200 (—1) | 132 (=1) | 796 (—2) | 204 (=2) | 216 (—1) | 132 (=1) | 701 (=2) | 144 (—2)
10 17 (= 1) | 7:56 (=2) | 427 (=2) | 253 (=3) | 122 (~1) | 7:56 (~2) | 406 (~2) | 854 (—3)
S0 | 267 (~2) | 1467 (=3) | 917 (—3) | 187 (=3) | 270 (~2) | 1-67 (—3) | 890 (—3) | 213 (—3)
100 134 (—2) | 839 (—3) | 449 (—3) | 903 (—4) | 1-36 (—2) | 839 (—-3) | 445 (—3) | 886 (—4)
150 | 903 (—3) | 560 (—3) | 2:98 (=3) | 595 (—4) | 906 (—3) | 560 (—3) | 297 (=3) | 588 (—4)
200|678 (=3) | 419 (=3)| 223 (=3) | 443 (—4) | 646 (=3) | 419 (=3) | 241 (=3) | 580 (—4)
Nuy @V, « = 100 Nuy W, o = 100
M A=2 : A=1 A=0 ‘A:»] A=2 A=1 A=0 | A= —1
0o |s5s50 509 470 ‘ 216 562 509 459 | 206
2 | 513 47 437 | 201 523 474 428 192
4 |an ' 3.08 | 366 168 439 3.98 3-60 162
10 | 240 219 | 2:00 1908 (1) || 242 219 1.98 | 891 (—1)
50 | 495 (—1) \ 448 (—1) | 404 (—1) | 181 (—1) | 496 (—1) | 448 (—1) 402 (—1) | 1-80 (1)
100 | 245 (—1) | 221 (=1) | 199 (—1) | 888 (=2) || 245 (=1) | 221 (=1) | 1:99 (1) | 886 (—2)
150 | 163 (—1) | 147 (—1) i 132 (—1) | 588 (=2) | 1463 (—1) | 147 (—1) | 132 (—1) | 587 (=2)
200 | 122 (—1) ‘ 110 (—1) ‘ 985 (—2) | 439 (—2) | 130 (—1) | 110 (=1) | 108 (—1) | 491 (—2)
!
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increased and the heat transfer at the wall was
greatly changed by this effect.

However when K, « and A remain fixed and
M increases the main feature is a reduction in
magnitude of the velocity and temperature.
The reason for this is as follows. An increase in
M, i.e. the applied magnetic field strength causes
greater interaction between the fluid motion and
the magnetic field and hence an increase in the
Lorentz force. Since this force opposes the
buoyancy force the velocity will be decreased
leading to a reduction in the viscous and Joulean
dissipation and so a reduction in the tempera-
ture. The influence of large magnetic field on the
net mass flow and heat transfer coefficients is
readily seen from Tables 3-4. Thus if « = 100,
A=1, K= 10 and M = 200 then 4 is reduced
to 2 per cent and Nu to 50 per cent of the
magnetic field free case. In particular as M — o
then §->0 and the temperature profile tends
to the ordinary conduction profile. Note also
that when A =1, i.e. equal wall temperatures
the velocity profile, evaluated neglecting dissipa-
tion effects, is similar to that in the Hartmann-
Lazarus flow. Moreover as in the Hartmann-—
Lazarus flow a fluid boundary layer develops
near the wall as M increases, and the velocity
is then virtually constant across the gap and
varies rapidly to zero near the walls.

It remains now to apply the above results to
liquid metals such as mercury and liquid sodium.
As an example the following natural convection
flow configuration is chosen with mercury as the
fluid. The plates, maintained at constant
temperature 25°C, are taken to be 1 cm apart
and the hydrostatic temperature to be 20°C.
Thusa =0, A=1,a =1and 0, =5°C. From
Table 1 we obtain P —= 2-68 1072, K4 = 1-28
10-%, G =699 10° and the applied magnetic
flux density B, = 384 M gauss. Since K =
PG K4 =24 107 dissipation effects will be
negligible and so the temperature across the gap
will be constant and equal to 25°C. From Table 4
we may obtain the actual average velocity in
cm/sec for various B, Hence if By =0, & =
66 cm/sec; if B, = 76-8 gauss, @ = 62 cm/sec;
if B, =3-84 10%® gauss, # = 32 cm/sec; if
B, = 1-54 10°% gauss, & = 9 cm/sec and finally
if By = 7-68 10° gauss, # = 2 cm/sec. These

results imply imply that for mercury a field of
order 10* gauss is necessary to reduce the flow
rate to one per cent of that in the magnetic field
free case. When liquid sodium is used as the
fluid the field necessary for the same reduction is
not quite so large, as shown by the following
example. We consider the flow configuration for
which T, =200°C, 60, ==50°C, A=1 and
a=1 From Table 1 P =73810"3 K, ==
1-61 10-8, G =4-37 105, K = 5295 10~% and
B, =7-84 M gauss. Again from Table 4 if
B, =0, i==181 cm/sec; if By, =157 gauss,
i = 170 cm/sec; if B, == 784 gauss, i -- 109
cm/sec; if B, = 3-14 10% gauss, & = 25-8 cm/sec.
Furthermore as in the previous example for
mercury heat is transferred across the gap by
conduction alone. giving 7T ==250°C for
0=l Y=<l

The induced magnetic flux density B, is not
without interest. Consider the magnitude of
B, for the mercury flow configuration cited
above. From Table 1 the magnetic viscosity
x == (1/4mou,v) = 6-74 10% and so the magnetic
Grashof number Gy = 0-104. If we choose M =
10 then the applied magnetic flux density
B, = 384 gauss; from Table 4 if a == 0, A =1,
M =10 then @, —4 102, also [YU,dY may
be evaluated by numerical integration at Y =
0(0-2) 1-0 using the values of U, given in Table 2.
Since K ==2-4 10~* then from equation (2-32)
we obtain that B, =0, 0-12, 0-04, 0, — 0-04,
— 012, 0 gauss at Y = 0(0-1)1 cm. The magni-
tude of the induced field is thus small in com-
parison with the applied magnetic field for this
particular flow configuration. Moreover in this
example B, is small in comparison with the
earth’s magnetic field for which B,® = 0-44
gauss and By®) = 0-17 gauss approximately in
the British Isles.

3. EXAMPLE II: ON THE TWO-DIMENSIONAL
NATURAL CONVECTION FLOW DUE TO AN
ELECTRIC CURRENT IN A HORIZONTAL CIR-
CULAR TUBE FILLED WITH AN ELECTRICALLY
CONDUCTING VISCOUS FLUID
3(a) Statement of problem and governing
equations
The special example to be considered is as fol-
lows: A long thin walled circular tube (made of
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non-conducting material) is filled with electrically
conducting viscous fluid and placed with its
axis in a horizontal position. A direct current
of mean density J, per unit of area flows axially
through the tube whose outer surface is
maintained at constant temperature T, i.e. the
temperature of the coolant. Moreover the
coolant is assumed to be non-magnetic and a
non-conductor. The equations describing the
resulting steady two-dimensional natural con-
vection flow for the central portion of the tube
(i.e. at sufficient distance from either electrodes
at the ends of the tube) are given by equations
(1.10) to (1.16) when Q@ = 0.

It is convenient to use cylindrical polar co-
ordinates r, ¢ and z. The z axis is taken to be the
axis of the cylinder and the angular co-ordinate
¢ is measured from a vertical plane through this
axis; the velocity components are denoted by
u, and uy; and the magnetic field components
by H, and Hy. The basic equations (1.10) to
(1.16) transformed to cylindrical polar co-
ordinates give for the fluid or region (1) the set
of equationS'

a () -+ ¢ =0, 3.0)
ue U Oup ug  10pa )
il
u, 2 0u
T (Vzur 2T rz'ﬁ) +(3.2)
+ Bg(T —Ty)cos ¢ —%f J.Hy,
Oug | s Uy | Uty - 118pg
o T e T r T T préd
us 2 ou,
+V(V2u¢ 2 + r2 a—tﬁ‘) }(3.3)
— Be(T — T)sm¢+ JHf, ]
0 OHy
7 H) + 55 =0, (3.4
1 1 8H,
S = 4—(r6r rH"’)—;MaE)
= o{Ey + p(u, Hy — ug H,)}, (3.5

and the energy equation is

oT | ug 0T N
. L & 1o 1@
where T ra T

The viscous dissipation function @’ takes the
form

. fou, 1ouy u\?
o= (G) w25 )
lau, 6u4, qu 2
o ra =)

For the coolant or region (2) the relevant equa-
tions are:

(3.7

18 1 6H, )
;A( D =iy =0
o L 39)
and (HT)—}— 095 =0

The boundary conditions are:

U, = u¢ = 0 T = Tsa .U'lele = l"’2eH2r,
H1¢ -
H, are finite at r = 0,

Hyonr = a,u, u;, T, H, and
(3.9

also H,, and Hyy — 0 as r - oo,

where a is the radius of the tube and the suffices
refer to the fluid and coolant respectively.

In formulating the boundary conditions (3.9)
the thickness of the non-conducting tube wall
is assumed to be small in comparison with the
radius of the tube and thus there is little varia-
tion in H, and H, in the wall material and so
the usual condition on H at the interface can be
taken as between fluid and coolant. Furthermore
at the interface there can be no normal flow of
current, i.e. J, = 0, a condition which is satisfied
by this type of two-dimensional solution; also
at the interface the tangential component of
E = E, must be continuous implying that in the
coolant there is a constant electric field E, = E,.
Note that these boundary conditions on H and
E are identical with those for the Joule heating,
by a direct current, of an infinitely long cylindri-
cal wire placed in a non-conducting medium.
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On choosing J,, 4mal,, (Jia*/ke) and v/a as
units of current, field strength, temperature and
velocity respectively then the steady two-
dimensional flow may be shown to depend on
the following parameters: y = (1/4nou,), the

magnetic  viscosity; G = (Bga®Ji/kor?), the
Grashof number; P = (pc,v/k), the Prandtl
number; and the dimensionless group

K4 = (Bgajc,). Equations (3.1) to (3.9) are
thus reduced to non-dimensional form using the

following dimensionless independent and
dependent variables:
R=rja, Up = f;g, U, a;?, 1
hp = 4wa"J by = 4:2, , b (3.10)
Ey = Jo and @ = (T — T, - J2 2

<

whereas in section (2) K = PGK 4.
In region (1) the stream function ¥ and the

magnetic vector potential A = (0, 0, A) are
defined by
RU 4 U — oV Ritn — 0A
R——”@E’ $ = T R R~F¢',
04
hy = — R (3.11)

respectively, then on eliminating the pressure p,;
the governing equations become:

PUAZD) 44, V24)
VKRS T AR )
d(Rcos ¢, ©)
— ye ——a(R d’) s (3.12)
G — v g 4 A A

3.13
YR, ¢y 1Y
K ’
VO + (VAP + 5 @

(¥, 0)
+ PK 75— a(R Py =0, (314
AE, F) ¢E 1 oF cE oF
where SR ) " @R R é6 T Ré oR
and € = 1/PK4x is a convenient dimensionless

group. For the coolant or region (2) the magnetic
field is determined by

o 100
PR TR B

where the scalar potential @ satisfies Laplaces
equation

hr = (3.15)

v2d = (. (3.16)
The boundary conditions become
D, O, A finite at R = 0,
ov
W:éﬁz@:OatR:l.
04 oD 04 o R -1 317
Vs TarR R~ g MR=1 GID
d 1 ¢® 0 oP 0 as R
an k—@;—) ,ER% as K — o,

where y = u;,/uq, 1s the ratio of the magnetic
permeability of the fluid to that of the coolant.

The above equations (3.12) to (3.17) have a
non-zero solution provided the dimensionless
electric field E, is non-zero. Since the velocity
and magnetic field components are independent
of z then equation (3.5) implies that [{J.drd¢ is
constant and equal to the net flow of current
crossing any tube cross-section in the z-direction.
If this is chosen such that [[J,rdrd¢ = na?/,,
then on integrating equation (3.13) over the tube
cross-section and using Gauss’s theorem together
with the boundary condition that ¥ = 0 at R -
1, we obtain £, == 1. Thus the dimensionless
form of Ohm’s law is

K ée(?,
x AR, 95

Consider now the order of magnitude of the
parameter K, y and e relevant to liquid metals
such as mercury and liquid sodium. If the radius
of the tube is a cm and the applied current is 7,
amp/cm? then from Table 1 we obtain for
mercury (T, = 20°C): P = 2:68 1072, K4 =
1-28 1077a, ¥ = 674 108, ¢ = 43-3/a, G =
1-69 10%a%2 and K = 5-8 10~74%2; and for liquid
sodium (T = 200°C): P = 738 103, Ky ==
1-61 108, y = 2:18 105, ¢ = 3-85104/a, and
K = 1-74 10-11¢%2. Thus in general if a = 0(1)
and i, is small or moderately large then K < 1,
x > € > 1, and y and ¢ may be of the same
order of magnitude. In fact, as in Example I, the
magnitude of X controls the viscous and Joulean

jo=—Vid =1+4= (3.18)
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dissipation. The next section deals with series
expansions in powers of K for ¥, ©, 4 and ®.

3(b) Series expansion for small K
We assume expansions of the type

V=¥, + K¥, + ..., 1
A=A4,+ KA + ..., \
® =06,+ KO, + K20, + ..., f
and @ = @, + K, + K2P, + . .. ]

On substituting the equations (3.19) into (3.12),
(3.14), and (3.18) and equating coefficients of
like powers of K there results:

(3.19)

Zero-Order functions

V24, + 1 =0, (3.20)
V2@, = 0, (3.21)
Vi@, +~1 =0, (3.22)
(R cos ¢. @0) i
VW + ye ——rr AR &) = 0; (3.23)
First-Order functions
1 O(WO’ AO)
V24 =0, 3.24
VAR ) (324
V2@, = 0, (3.25)
V20, -+ 2V2A4,V34, + 20 ]
&(¥o, Oy)
P———F =0, 3.26
PR S (320
A¥o, V) (R cos ¢, 6y)
ViV, +
! R, ¢) AR, ¢)
oAy, VEAD) =~ 8(Ay, V24|
SEGR r  r  C
Second-Order functions
(‘l’m Al) E(IIJD AO)}

A = =0. (3.28
vt amd AR (3-28)
V2, = 0, (3.29)

1
V20, + (V24,2 + 2V2A4 V24, + A 4
AWy, @) (¥, @o)}
pi= 0L 2oL .
P wme e OO

In equations (3.26) and (3.30) ¢, and @] are the
zeroth and first-order viscous dissipation func-
tions, which can be obtained using (3.7), (3.10),
(3.11) and (3.17). The boundary conditions for
An ¥,, 6, and D, for n = 0, 1 and 2 are as
follows:

A,. ©,, ¥, are finite at R = 0, 1

|

0¥, 6d, |

¥, = e = e =0 =T
Ay 0Pu o % (3.31)

B8R &g atrk="=% g

160, o0, ‘

andl—e%- O,aR—>0asR—>oo J

Here we have assumed that the fluid and coolant
are non-magnetic, i.e. y = p;,/ie, = 1.

The equations (3.20) to (3.31) are readily
solved and higher approximations to 4, ¥, @
and @ could be obtained. However the inci-
dental arithmetic involved in obtaining even the
second-order functions indicates the limited
usefulness of the series expansion (3.19). In the
following we shall make use of the fact that
x > € > 1and x = 0(¢?) if @ = 0(1) and thus
give only the important terms in the rather
lengthy expressions to be derived for A4,, ¥,,
0, and 9,.

Consider first the zeroth-order functions de-
fined by equations (3.20) to (3.23) and (3.31).
These are:

Ay = —HR® + ay), Dy = 14 + by,

B0 =1 — R, (3.32)

¥y = R® — 2R 4 R)sin ¢,

X€
353 R
where a, and b, are constants of integration.
Hence in the fluid

hr©® =0, hy® = R/2,j,® =1, (3.33)
X€
0 = *— (Rt — 2R?
Ur 384 (R 2R% + 1) cos ¢,
Uy ©® = — 3—)‘854 (35R* — 6R®* + 1)sin ¢, (3.34)
and for the coolant
hr® =0, by = 2iR (3.35)
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The first-order functions refine the above approximation by taking into account (a) the interaction
of the fluid motion described by expression (3.34) and the magnetic field given by expression (3.33),
and (b) the effect of viscous and Joulean dissipation. The solution of equations (3.24) to (3.27)
subject to the boundary conditions (3.38) is:

Ay = ———— (R' — 4R® + 6R® — 4R P L |
1_96><38_4( - + — 4R) cos ¢ + ay, 1796 % 384 R ;
1
. 7 5 3 _ \ |
0, = 96 > 384 {2 + xPXR 4R% 4+ 6R 3R) cos ¢ + 0O(1)}, } (3.36)
10 __ 8 6 4 10 8 ‘
¥, = 240(384)2 {xe(R 4R® 4+ 5R 2R%) sin 2¢ — 3(2 + xP)e(R 8R
+ 30R® — 40R* + 17R*) cos 2¢ + 2€*(3R® — 20R” + 60R® — T2R® + 29R) sin ¢ + 0(1),,
where @, and b, are constants of integration. Thus in the fluid
€ . I
(1) — 6 4 2 _ 1) — 6 __ 1
hr 96 % 384 (R 4R* 4+ 6R? — 4) sin ¢, hy = 96 % 384 (7R 20R ‘L
r(3.37)
+ 18R? — 4) cos ¢, j, V) = — (R5 — 2R?® 4+ R) cos ¢, )
—XE€ -
@y —__ 9 . 7 5 3 . 9 __ 7
Ur (384)7240 {2xe(R 4R” + 5R5 — 2R%) cos 2¢ — €2 + xP)R® — 8R
+ 30R® — 40R3 + 17R) cos 2¢ + 2€2(3R® — 20R® ++ 60R* — 72R% + 29) cos ¢ -+ 0(1)}, (3.38)
r .

Uy = {x€(10R® — 32R" 4 30R5 — 8R®) sin 26 — (2 + xP)(10R® — 64R7

XE
(384)2240
+-180R5 — 160R® + 34R) sin 2¢ + 2€2(27R® — 140R® + 300R* — 216R? + 29) sin ¢ + O(1)1, ]

and for the coolant

— in cos
hp® = € S_q:@ b @ € 4

96 <384 2 Y T o5 <38 R (3.39)

For the second order functions j?), 4, and @, we obtain:

J-® = g, 4)2 155 {2X<(RY — 4R® 4 SR® — 2RY) cos 24 — exP(R'® — 8R® + 30R®

— 40R* + 17R®%) cos 2¢ + 2€2(3R® — 20R7 + 60R® — 72R® + 29R) cos ¢ + O(e)},

€

42 = (3gayu%0

12 __ 10 8 6 2 . GXI_) 12
{8 7 (12" — TOR'® +- 140R® — 105R® -+ 28R?) cos 26 — 55 (3R
2
— 35R' + 210R® — 525R® -+ 595R* — 273R?) cos 2¢ + -2-66 (R — 10R? + 50R’ r (3.40)

— 120R® + 145R® — 86R) cos ¢ -+ 0(6)} T

and

Py = R? 84 R®

where a, and b, are constants of integration.

€ SexPsin2¢  yesin2é . En d:
240(384)2 { TR SR O S s
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It remains now to evaluate the second-order
temperature function 0, as defined by equations
(3.30) and (3.31). The function &, can be written
as

O=0,,+6,,+06,, (3.41)

where the functions satisfy, respectively, the
equations

Vz@z,o + (V2A1)2 + 2V2A0 . V2A2 = 0,
vz@2,1 + d); =0,

and

(R, 4) (R, ¢)

The functions 0, ,, 8, ; and @, , are the tempera-
ture distributions due to Joulean dissipation,
viscous dissipation and heat transferred by
convection, respectively. The boundary con-
ditions are that 6, , is finite at R = 0 and
0, (1, ¢) = 0 for p = 0, 1 and 2 respectively.

V2@2,2 + P(a(q[()’ @1) a(l}’b @0)) — 0.

The appropriate solutions of these equations are:

— 1
- 12 10 8 __ 6 2 12
610 = 2400384 {840 (12R1> — T0R 4 140R® — 105R® + 23R?) cos 24 — 420 P 3R
— 35RI0 4 210R® — S25R® 4 S9SRY — 248R?) cos 26 + o (Rn — 10R® + 50R?
— 120R® + 145R® — 66R) cos ¢ + 0(5)},
1
,,,,, 13 11 9 __ 7 3
621 = 1353537 {1680 (693 R'3 — 2640 R + 3220 R® — 1344 R” -+ 71 R?) cos 3¢
exP 2e%
~ 330 (693 RY® — 4920RY +- 14840R° — I5120R" + 3T50R® 4 937R%) cos 3¢ + -
X (6R™ — 35R1 4 80R® — 60R® 1 9R?) cos 2 — %% (170R™® — 756R™ - 1225R?
- - (3.42)
— 910R" -+ 280R® — 9R) cos  — 75 (30R™® — 192RY® - 525R® — 640R"
+ 360R* — 83) -+ 0(6)},
) Pxe (12R™ — TORY -+ 140R® — 105R® + 23R?) cos 26 — X0 (T2R12
22 7 240(384)? 840 + 1680
2
— 490R™® + 1540R® — 2625R® + 2380R* — 877R?) cos 24 - 2i0 (R — 10R® + 50R
— 120R5 + 145R® — 66R) cos ¢ — 1 G P (30R™ — 216R1 + 675R® — 1140RS - 1080R"
— 540R® + 111) + 0(1)}
J

In the next section the physical implications of these results are discussed.
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3(c) Results and Discussion

Consider now the flow configuration as
predicted by section 3(b) for small K. The
zeroth-order approximation given by expressions
(3.36) to (3.39) implies that the temperature
distribution and magnetic field components are
identical in form with those occurring in the
Joule heating of an infinitely long solid cylinder
with the same external conditions. Temperature
gradients now exist in the fluid producing the
buoyancy force resulting in the formation of a
non-uniform fluid motion having convective
cells on either side of the vertical plane ¢ =0, =
(see expression (3.34)). The fluid rises along
the vertical plane and flows downward along
the cool wall on either side of the vertical plane;
also the fluid is stationary at [1/(+/5), /2] and
[1/(y5). (3m)/2]). The vertical flow along ¢ = 0,7
now distorts the magnetic lines of force,
given by expression (3.37), in the vertical direc-
tion. Thus we might expect an increase in local
current density along the plane ¢ = 0. This is
borne out by the first approximation to j, (see
expression (3.37)) where j, (¥ has a maximum at
[1/(y-5), 0]. Along ¢ = = the vertical flow
distorts the magnetic lines of force away from
the tube surface thus producing a maximum
decrease in local current density at [1/(1/5), =]

At this stage in the analysis the current
density is no longer uniform over the tube cross-
section and thus several modifications to the
flow and temperature are necessary. Thus
expression (3.36) for ©; implies a maximum
increase at (0-45, 0) and a maximum decrease at
(0-46. =) coinciding approximately with the
maximum increase and decrease for j,} at
[1/(x5)., 0] and [1/(4/5), =] respectively. A
Lorentz force now exists opposing the buoyancy
force and thus reduces in magnitude the velocity
components. This is evident from the first-order
velocity components as given by expressions
(3.38). These components also imply that the
“regions” of stationary fluid are now to the right
of [1/(1/5), 7/2] and to the left of [1/(1/5), (3w)/2].
Finally as a consequence of the non-uniformity
of current density there is an increase in the
#-component of the magnetic field in the
neighbourhood of the axis ¢ = 0 and a decrease
in the neighbourhood of ¢ = = for both fluid
and coolant [see expressions (3.37) and (3.39)];

furthermore a radial magnetic field is set up
which acts radially inward for the coolant and
fluid if 0 < ¢ < = and radially outwards for
™ < qS < 2m.

The second-order approximation adds little
information to the above general trends. How-
ever, provided K is small there will be an overall
small increase in j along the vertical axis and a
slight decrease in the neighbourhood of the
stationary points. A slight decrease in the local
temperature will also occur in this neighbour-
hood [see expression (3.42)].

The above discussion gives some insight into
the type of flow which may occur for large values
of K. Thus we might expect isothermal cores on
either side of the vertical plane. The fluid will
rise in a narrow jet up the vertical plane and
return down the wall on either side in a thin
boundary layer which acts as a shield between the
isothermal core and the wall. Furthermore there
should be an increase in the local current density
and temperature in the neighbourhood of (0-5, 0)
and a corresponding decrease at (0-5. =).

Let us consider some thermal characteristics
of the flow configuration when K is small. An
average wall Nusselt number may be defined as

af¢ (dTjdr), -, dé

2n(T. — T)

Z|

(3.43)

where T, — T, = (J¢ a?/4Ko) is the temperature
difference between the axis of the tube and the
coolant when the thermal energy is transferred
by conduction alone. Using the various trans-
formations given by equation (3.10) and the
complete expressions for the 6, as derived in
section 3(b) we obtain

2
sasay B¢ — 16+ DK+ 0(K). (344)

+
The axial temperature 7, due to Joule heating

and as modified by the non-uniform convection
flow was found to be
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In Table 6 the actual temperature difference
(T, — T,), as calculated from expression (3.45),
is compared with the fictitious temperature
difference (T, — T} = (J2a?)/(Ko). The fluids
taken were mercury and liquid sodium with
coolant temperatures 20° and 200°C respectively;
the diameter of the tube is I cm and the current
density is i, amp/cm®. We note that for a tube
of 1 cm diameter expression (3.45) is probably
accurate for mercury if i, < 80 amp/cm? and
for liquid sodium if iy < 510® amp/cm?. More-
over within these current density limitations the
average wall Nusselt number is 2 for both
fluids [see expression (3.44)]. In view of this, and
the small temperature differences existing

Table 6

Liquid sodium (7, =

dia. 1 cm) 200°C, dia. 1 cm)

|
Mercury (T, = 20°C, Z
\
\

T,— T, To— T, iy |T,—T, To—T,

0 | o012

| 012 1000 1-05 ‘ 1-05
50 019 ‘ 018 2000 4-20 418
60 027 . 025 3000 9-45 \ 917
70 1 037 ’ 0-31 4000 16-8 ' 152
80 | 048 | 035 | 5000 | 263 ’ 202
i |

J

between the fluid and the coolant when extremely
large currents are applied, it seems unlikely that
these results could be verified experimentally.
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